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Adaptive Output Feedback Control of an Aeroelastic System
with Unstructured Uncertainties

Rong Zhang and Sahjendra N. Singh
University of Nevada, Las Vegas, Nevada 89154-4026

This paperpresents an adaptivecontrol system for the trajectory controland stabilizationof an aeroelasticsystem
with unstructured model uncertainties using output feedback. The equations of motion of the chosen aeroelastic
system describe the plunge and pitch motion of a structurally nonlinear wing section. A single trailing-edge � ap
is used for the purpose of control. For feedback only the pitch angle or the plunge displacement is measured.
Unlike the linearly parameterized adaptive systems, in this study the structure of model uncertainties is unknown.
Adaptive control laws for the trajectory control of the pitch angle and the plunge displacement are derived. The
controller has the structure of an inverse (a feedback linearizing) control system. But the unknown function in the
inverse control law arising from the uncertainties in the model is compensated using its estimate constructed by a
high-gain observer. Simulation results are presented, which show that in the closed-loop system trajectory control
of the selected output (pitch angle or plunge displacement) is accomplished and the state vector converges to zero.
Furthermore, it is observed that stability and trajectory tracking are preserved in the presence of measurement
noise.

Nomenclature
Ax , A f , A m , = system matrices
A0, Fx

a = nondimensionalizeddistance from the midchord
to the elastic axis

bs = semichord of the wing
ch = structural damping coef� cient in plunge caused

by viscous damping
cik , ki , Mi , = model parameters and matrices
b, g, b0

c a = structural damping coef� cient in pitch caused
by viscous damping

Fm , kn a = nonlinear functions
h, hr = plunge displacement, reference trajectory
I a = mass moment of inertia of the wing

about the elastic axis
kh = structural spring constant in plunge
k a = structural spring constant in pitch
m = mass
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U = freestream velocity
xs , x , q , m = state vectors
x a = nondimensionalizeddistance measured from

the elastic axis to the center of mass
Yr = yr and its derivatives
y, yr , ỹ = output, reference output, tracking error
a , a r = pitch angle, reference pitch angle
b = � ap de� ection
D a, D d = uncertain functions
², k c, pi , di = design parameters
g = uncertain function
ˆg , zi = estimator states
n , e = estimation error
q = density of air

I. Introduction

A EROELASTIC systems may exhibit a variety of responses
including limit-cycle oscillation, � utter, internal resonance,
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and even chaotic motion. For certain wing store con� gurations re-
searchershave found that � ghter aircraft undergoundesirablelimit-
cycle oscillations. Therefore, active control of aeroelastic systems
has been a problem of considerable interest. Several researchers
have consideredcontrol law synthesis for the � utter suppression.1 ¡ 6

Model order reduction and controller design have been considered
in Refs. 2 and 3. Design using pole placement technique and root-
locus plots for � utter suppression has been presented in Refs. 4
and 5. References 6 and 7 provide � utter suppression using piezo-
electric actuators. Digital adaptive control of an aeroelastic model
has been considered in Ref. 8. A benchmark active control tech-
nique (BACT) wind-tunnel model has been designed, and con-
trol algorithms for � utter suppression have been developed at the
NASA Langley Research Center.9 Dynamics and control of non-
linear aeroelastic models have been considered.10 ¡ 18 Feedback lin-
earizingcontrol13,14 and adaptivecontrol16 ¡ 18 of an aeroelasticnon-
linear structure have been presented. Although the design in Refs.
13 and 14 requires state feedback, adaptive output feedback control
has been considered in Refs. 16 and 17. The control law of Ref.
16 is designed using the variable structure model reference adap-
tive control theory, which requires high-gain feedback. Nonlinear
adaptive control of Ref. 17 is based on a backsteppingdesign tech-
nique. Although Ref. 17 does not use high-gain feedback, for the
synthesis of the controller, � lters of large dimensions are needed.
Adaptive control law of Ref. 18 requires state feedback. Based on
the Euler–Lagrange theory, a stabilizing control law for the BACT
model using generalized velocity feedback has been presented.19

The adaptivecontrollersof Refs. 17 and 18 assume that the aeroe-
lastic models are linearly parameterized. However, often the struc-
ture of nonlinearitiesin the model is unknown. In general, for aeroe-
lastic systems it is not easy to model structural and aerodynamic
nonlinearities in a parameterized form. For such systems, adaptive
control techniques of Refs. 17 and 18 based on linearly parame-
terized models cannot be applied. In a recent paper, an approach
to control of an exact feedback linearizable system20 with model
uncertaintieshas been presented using a high-gain observer.21 ¡ 23 It
is interesting to explore the applicability of this approach to aeroe-
lastic systems with modeling error. However, the aeroelasticmodel
consideredhere is only partially linearizable,and, unlike Ref. 20, it
has zero dynamics of nonzero dimension.

The contribution of this paper lies in the design of an adaptive
output feedback control law for the control of a nonlinear aeroe-
lastic system. It is assumed that the system includes unstructured
uncertainties,which cannotbe parameterized.A single trailing-edge
control surface is used for the purpose of control. Control laws for
the trajectory control of the pitch angle and plunge displacement
are derived. For the synthesis of the controller, it is assumed that
only the pitch angle or the plunge displacement is measured. The
control system is similar to an inverse controller, which includes a
modeling error term. An estimate of the modeling error and state
variables is constructed using a high-gain observer for synthesis. In
the closed-loopsystem, asymptoticfeedbacklinearizationis accom-
plished, and the pitch angle and the plunge motion asymptotically
converge to the origin. Simulation results are obtained, which show
asymptotic tracking and stabilization in spite of the presence of
model uncertainties. Furthermore, the control system is robust to
measurement noise. Unlike the system of Ref. 20, the aeroelastic
model is only input-output (partially) linearizable.As such certain
arguments in the derivation of the control law differ.

II. Aeroelastic Model and Control Problem
The prototypicalaeroelasticwing section is shown in Fig. 1. The

governing equations of motion are provided in Ref. 13, which are
given by

m mx a bs

mx a bs I a

ḧ

¨a
+

ch 0

0 ca

Çh

Ça

+
kh 0

0 k a ( a )

h

a
=

¡ L

M
(1)

Fig. 1 Aeroelastic model.

In Eq. (1) M and L are the aerodynamic moment and lift. It is
assumed that the quasi-steady aerodynamic force and moment are
of the form

L = q U 2bscl a a + ( Çh / U ) + 1
2

¡ a bs( Ça / U ) + q U 2bs cl b b

M = q U 2b2
s cm a a + ( Çh / U ) + 1

2 ¡ a bs( Ça / U ) + q U 2b2
s cm b

b

(2)

where cl a and cm a are the lift and moment coef� cients per angle
of attack and cl b and cm b are lift and moment coef� cients per con-
trol surface de� ection. Although, other forms of nonlinear spring
stiffness associated with the pitch motion can be considered, for
purposes of illustration, the function k a ( a ) is consideredas a poly-
nomial nonlinearity given by

k a (a ) = 2.82(1 ¡ 22.1a + 1315.5a 2 ¡ 8580a 3 + 17, 289.7 a 4) (3)

In view of Eq. (3), a k a can be written as a k a = a k a 0
+ kn a , where

kn a = k a 1 a 2 + k a 2 a 3 + k a 3 a 4 + k a 4 a 5 is a nonlinear function of a .
The constant parameters k a i , i = 0, 1, . . . , 4 can be obtained using
Eq. (3).

De� ning the state vector q = ( a , h, Ça , Çh)T , one obtains a state
variable representationof Eq. (1) in the form

Çq =
02 £ 2 I2 £ 2

M1 M2
q + 02 £ 1

g
kn a ( a ) +

02 £ 1

b0
b

.
= f (q ) + bb

(4)

where b = (b01 , b02)T , g = (g1, g2 )T , 0 and I denote null and iden-
tity matrices of appropriate dimensions, the superscript T denotes
transposition, and

M1 = ¡ k4U 2 + md ¡ 1k a 0 ¡ k3

¡ k2U 2 ¡ mx a bsd ¡ 1k a 0 ¡ k1

M2 =
¡ c41 ¡ c31

¡ c21 ¡ c11

The expressions for the parameters ki ,d ,ci j , gi , and b0i are given in
AppendicesA and B. It is assumedhere that the system matrices Mi ,
g, b, and the structure of the nonlinear function kn a are unknown to
the designer. Such an assumption is meaningful because in general
it is dif� cult to model structural nonlinearities. Furthermore, only
the signal a or h is available for feedback.

Consider a reference trajectory yr that represents either a pre-
scribed pitch-angle trajectory a r for the pitch-angle control or a
plunge-displacement trajectory hr for the plunge motion control.
Appropriate reference trajectoriesconverging to zero are generated
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by a third-order command generator. We are interested in deriving
output feedback adaptive control systems so that a tracks a r or h
tracks hr asymptotically, and in the closed-loop system the state
vector ( a , h, Ça , Çh)T converges to zero as t ! 1 .

III. Adaptive Control Laws
In this section control systems are designed for the trajectory

control of the pitch angle and plunge displacement.

A. Pitch-Angle Control
First controlof the pitch angle is considered.The design of a con-

trol systemis basedon themodelingerrorcompensationapproachof
Ref. 20 using a high-gain observer.21 ¡ 23 For the pitch-anglecontrol
consider an output variable

y = a = c(q) = [1 0 0 0]q (5)

For the feedback linearization of the input ( b )-output ( a ) map,
one differentiates the output y along the trajectory of Eq. (4) until
the control input appears for the � rst time. Differentiating y and
using Eq. (4) gives

Çy = L f (c)(q), ÿ = L2
f c(q) + Lb L f c(q ) b (6)

where L f c(q) is the Lie derivative of c(q) along the vector � eld
f (q ) and

L f c(q) =
@c(q)

@q
f (q ), Lb L f c(q) =

@L f c(q)

@q
b = b01

For the system (4)

L2
f c(q ) = M1(1), M2(1) q + g1kn a ( a )

where Mk(i ) is the i th row of Mk .
Using b01 given in Appendix B, one � nds that it is zero for a

unique value x ¤
a of x a , where x ¤

a = ¡ cm b / cl b . It is assumed here that
x a 6= x ¤

a . In view of Eq. (6), one obtains a feedback linearizing
control law of the form

b = [Lb L f c(q)] ¡ 1 ¡ L2
f c(q) + ÿr ¡ p2

Çỹ ¡ p1 ỹ (7)

where pi > 0 and ỹ = y ¡ yr is the tracking error. Substituting the
control law Eq. (7) in Eq. (6) gives

¨̃y + p2
Çỹ + p1 ỹ = 0 (8)

Because the system Eq. (8) is stable, the tracking error ỹ converges
to zero as t tends to 1 . It is seen that Eq. (8) is obtained only if
the system parameters are completely known. When there is uncer-
tainty in the system, exact cancellationof functions in Eq. (6) is not
possible, and one cannot obtain the linear equation for the tracking
error given in Eq. (8).

Now we consider compensation of the unknown functions in
Eq. (6) by a proper modi� cation in the control law Eq. (7). We
intend to obtain a control law that accomplishes asymptotic feed-
back linearization.Suppose that

L2
f c(q) = a ¤ (y) + D a(q ), Lb L f c(q) = d ¤ + D d

where a ¤ and d ¤ are the nominal values, and D a and D d are the
unknown parts of L2

f c and Lb L f c, respectively. Note that d ¤ and
D d are constants.

Using Eq. (6) gives

¨̃y = a ¤ (y) + g (q , b ) ¡ ÿr + d ¤ b (9)

where

g (q, b ) = D a(q ) + b D d (10)

The function g includes all of the terms of Eq. (6), which are not
known.

In view of Eq. (9), for the feedback linearization of the input
( b )-output ( a ) map one must obtain an estimate of the unknown

function g . Also, because only a is measured, in view of Eq. (7),
one must reconstruct Ça for feedback.One does not have to construct
theestimatesof h and Çh becausean estimateof g is used in thecontrol
law.

For obtaining an estimate of g , it is treated as a state variable. In
view of Eqs. (9) and (10), consider the set of equations

d
dt

ỹ
Çỹ

g

=

Çỹ

a ¤ (y) + g (q , b ) ¡ ÿr + d ¤ b

f g (q , b , Çb )

(11)

where the derivative of g is

fg = D Ça(q) + Çb D d = L f D a(q) + b Lb D a(q) + Çb D d (12)

For constructing estimates of g and Ça , a high-gain observer21 ¡ 23 is
designed.The advantageof using this observeris that the estimation
error converges to zero in a very short period.

In view of Eq. (11), consider an observer of the form

Çz1 = z2 + ² ¡ 1d1( ỹ ¡ z1)

Çz2 = ˆg + ² ¡ 2d2( ỹ ¡ z1) ¡ ÿr + a ¤ (y) + d ¤ b

Çˆg = ² ¡ 3d3( ỹ ¡ z1) (13)

where di > 0; ² is a small positive design parameter; and z1 , z2 , and
ˆg are the estimatesof ỹ, Çỹ, and the unknownfunction g , respectively.
In the observer Eq. (13) the unknown function fg is not used. The
parameters di are chosen such that the polynomial

P (s) = s3 + d1s2 + d2s + d3

has its roots with negative real parts.
De� ninge1 = ỹ ¡ z1 , e2 = Çỹ ¡ z2, ande3 = g ¡ ˆg = ˜g , one obtains

the dynamics of the estimation error of the form

Çe1 = e2 ¡ ² ¡ 1d1e1 , Çe2 = e3 ¡ ² ¡ 2d2e1

Çe3 = ¡ ² ¡ 3d3e1 + f g (14)

In view of Eq. (9), using the estimate of the unknown function g
one obtains a feedback linearizing control law of the form

b = (1/ d ¤ ) ¡ a ¤ (y) ¡ ˆg + ÿr ¡ p2z2 ¡ p1 ỹ (15)

in which the estimated signal z2 instead of Çỹ is used. Substituting
Eq. (15) in Eq. (9) gives

¨̃y = ˜g ¡ p2z2 ¡ p1 ỹ (16)

Because the input appears in the second derivative of the output,
the relative degree of y is two, and there exist zero dynamics of
dimension two.

De� ne new coordinates as

x = (x1 , x2)T = ( ỹ, Çỹ)T , m = (h, b02 Ça ¡ b01 Çh)T (17)

where m = ( m 1, m 2 ) 2 R2 is the state vectorof the zero dynamics.The
derivativeof m is independentof b . This choice of m yields a normal
form 24,25 of Eq. (4). The transformation U : q 7! (x T , m T )T 2 R4 is
a global diffeomorphism, and q = U ¡ 1(x , m ) in terms of the new
variables is given by

q =

x1 + yr

m 1

x2 + Çyr

[b02(x2 + Çyr ) ¡ m 2]/ b01

(18)

Introduce a change of variables as (i = 1, 2, 3)

n i = ei ²
i ¡ 3 (19)
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One can obtain a new representationof the closed-loopsystem in
the form

Çx =
x2

¡ p2z2 ¡ p1x1 + ˜g
=

x2

¡ p2x2 ¡ p1x1 + n 3 + ²p2 n 2

.
= Ax x + Fx (², n ) (20)

Çm =
b ¡ 1

01 [b02(x2 + Çyr ) ¡ m 2]

(b02, ¡ b01 ) (M1, M2) U ¡ 1(x , m ) + gkn a

.
= A m m + Fm (x , Yr ) (21)

where z2 = x2 ¡ ²n 2 has been used for substitution, Yr denotes yr

and its derivatives, and Fx = (0, 1)T (²p2 n 2 + n 3). The matrices Ax

and A m are

Ax =
0 1

¡ p1 ¡ p2

A m (U, a) =
0 ¡ (1/b01 )

k1b01 ¡ k3b02 b02(1/b01 )c31 ¡ c11

Here Fm = (Fm 1, Fm 2)T , Fm 1 = (b02 / b01)(x2 + Çyr ), and Fm 2 = r0 +
(x1 + yr )r1 + (x2 + Çyr )r2, where

r0 = (b02g1 ¡ b01g2)kn a

r1 = b01 k2U
2 ¡ mx a bs d

¡ 1k a 0 ¡ b02 k4U
2 + md ¡ 1k a 0

r2 = b01c21 + b02(c11 ¡ c41 ) ¡ b2
02(c31 / b01 )

The variable m is describedby a linear differentialequationwhich
has (x , yr , Çyr ) as its input. Setting (x , Yr ) to zero in Eq. (21) gives
the zero dynamics

Çm = A m m (22)

Let the elements of A m be a m i j , i , j = 1, 2. Then its eigenvalues are

k 1,2 = 0.5 a m 22 § a2
m 22 + 4a m 12am 21

1
2

These eigenvalues are functions of the � ow velocity U and the pa-
rameter a. It has been shown in Refs. 13 and 16 that for a given � ow
velocity the zero dynamics have stable poles (stable eigenvaluesof
A m ) for a set of valuesof a. It will be assumed here that the valuesof
U and a are such that the matrix A m is Hurwitz. Thus the equilibrium
point m = 0 of the zero dynamics is globally exponentially stable.
Also, the solution of Eq. (21) is bounded for any bounded function
(x , yr , Çyr ).

Using the de� nition of n i , Eq. (14) gives

² Çn = A0 n + (0, 0, 1)T ² f g (23)

where n = (n 1 , n 2 , n 3 )T 2 R3 and

A0 =

¡ d1 1 0

¡ d2 0 1

¡ d3 0 0

It is essential to expand the function fg , which is a function of b
and its derivative. For this purpose one obtains the expressions for
b and Çb as functions of (x , m , n , Yr ).

Using z2 = x2 ¡ ²n 2 and

ˆg = g ¡ ˜g = D a(q ) + b D d ¡ n 3

in Eq. (15) and solving for b gives

b [x , m , Yr , N0(²)n ] = (d ¤ + D d) ¡ 1 ¡ a ¤ ¡ D a + ÿr

¡ p2x2 ¡ p1x1 + N0(²)n (24)

provided that

j ( D d /d ¤ ) j < 1

where N0(²) = (0, ²p2, 1). Here U ¡ 1(x , m ) has been substituted for
q in Eq. (24). It is assumed that the uncertainty in D d satis� es this
inequality.

Differentiating b and using Çn 3 from Eq. (23) and f g from Eq. (12)
gives

Çb = (d ¤ + D d) ¡ 1 ¡ Ça ¤ ¡ D Ça ¡ ² ¡ 1d3 n 1 + D Ça + Çb D d

+ d3 yr dt 3 ¡ p2( Çx2 ¡ ² Çn 2 ) ¡ p1x2 (25)

PremultiplyingEq. (25) by (d ¤ + D d), it is seen that one can cancel
the D d-dependent term. De� ne

l 1(x , m , Yr , N1(²)n ) = (d ¤ ) ¡ 1 ¡ Ça ¤ + d3 yr dt3

+ p2( p2x2 + p1x1 ) ¡ p1x2 ¡ N1(²)n (26)

where N1(²) = ( p2d2 , ²p2
2 , 0) and Ça ¤ = (@a ¤ / @a )(x2 + Çyr ). Substi-

tuting for Çx and Çn from Eqs. (20) and (23) in (25), replacing a by
x1 + yr , and then solving for Çb gives

Çb (x, m , Yr , N1(²)n ) = ¡ (d ¤ ) ¡ 1² ¡ 1d3 n 1 + l 1(x , m , Yr , N1(²)n )

(27)

Equations (24) and (27) give explicit solutions for b and Çb .
Using f g from Eq. (12) and Çb from Eq. (27) in Eq. (23) gives

² Çn 3 = ¡ d3 n 1 + ² L f D a + b Lb D a + D d ¡ d3(d ¤ ²) ¡ 1 n 1 + l 1

(28)

Using Eq. (28) in Eq. (23), replacing q by U ¡ 1(x , m ), and substitut-
ing for b from Eq. (24) gives

² Çn = A f n + (0, 0, 1)²l f (x , m , Yr , N2(²)n ) (29)

where N2(²) is an appropriate polynomial row vector in ²,
l f = D d l 1 + L f D a + b Lb D a, and A f is

A f =

¡ d1 1 0

¡ d2 0 1

¡ d3[1 + ( D d /d ¤ )] 0 0

It is noted that l f is a function of the indicated arguments.
The eigenvalues of A f are the roots of equation

P f (s) = s3 + d1s2 + d2s + d3 d ¤ (d ¤ + D d ) = 0 (30)

Applying the Routh–Hurwitz criterion,it follows that A f is Hurwitz
if and only if

(d1d2 / d3 ) > 1 + ( D d /d ¤ ), j ( D d / d ¤ ) j < 1 (31)

It is assumed that the design parameters di have been chosen to
satisfy these conditions.

For small ² the closed-loopsystem representedby Eqs. (20), (21),
and (29) is a singularlyperturbed system with xs = (x T , m T )T as the
slow variable and n as the fast one. For ² = 0 Eq. (29) degenerates
into the equation

A f n = 0 (32)

which has a unique solution n = 0.
Noting that one is interested in the stabilizationof the aeroelastic

system, one can choose yr = 0. Therefore, it will be assumed for
simplicity in the remaining part of this section that the reference
trajectory yr is zero, and therefore one can set Yr = 0 as well.
Substituting the quasi-steady state n = 0 and using Yr = 0 in Eqs.
(20) and (21) gives the reduced model

Çx =
x2

¡ p2x2 ¡ p1x1
= Ax x , Çm = A m m + Fm (x , 0) (33)
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Because Ax and A m are Hurwitz, in view of Eq. (33) it follows
that the equilibrium state xs = 0 of the system (33) is exponentially
stable. Choosing a new time variable s = t / ², the boundary-layer
model obtained from Eq. (29) is given by

dn

ds
= A f n ( s ) (34)

Because A f is Hurwitz, n = 0 of Eq. (34) is globally exponentially
stable.

Consider a compact domain of interest X = X s £ X n ½ R4 £ R3

containing the origin xs = 0 and n = 0. Fx and l f are smooth func-
tions of xs and n , and vanish at the origin if yr is zero. Because
the partial derivatives of Fx and l f are bounded on any com-
pact set, in view of the mean value theorem,26 it follows that for
(xs , n ) 2 X s £ X n and for all 0 < ² < ²¤ there exist positive real
numbers L i such that

k Fx (², n )k · L1 k n k

k l f [x, m , 0, N2(²)n ]k · L2 k xs k + L3k n k (35)

where ²¤ is a small positive number. (Exact values of L i are not
required for establishing stability results.)

In view of the exponentialstabilityof the reducedsystem Eq. (33)
and the boundary-layer system Eq. (34) and the growth conditions
given in Eq. (35), the following result for the singularly perturbed
system represented by Eqs. (20), (21), and (29) is stated.

Theorem 1: Consider the singularly perturbed system Eqs. (20),
(21), and (29). Suppose that for the given � ow velocity U and the
parameter a, A m is Hurwitz, and the uncertainty D d in Lb L f c(q )
and the growth conditions satisfy Eqs. (31) and (35), respectively.
Then there exist a region X 0 ½ X and a critical value ²¤ such that
for all initial conditions [xs(0), n (0)] 2 X 0 and 0 < ² < ²¤ the state
[xs (t ), n (t )] asymptotically converges to zero. (Under the hypothe-
ses of the theorem, the proof is completed invokinga Tikhonov-like
theorem derived in Ref. 21.)

For the aeroelastic model Eq. (4) the singularly perturbed Eqs.
(20), (21), and (29) have been obtained by using the control law
Eq. (15) and the observer Eq. (13) and by introducing change of
coordinates given in Eqs. (18) and (19). The growth condition of
Theorem 1 required in the proof is automatically satis� ed by the
smoothness of the functions in the model. Thus one needs only to
satisfy Eq. (31) and verify that the zero dynamics are stable ( i. e.,
A m is Hurwitz). It is pointed out that Eq. (31) can be satis� ed if
D d (the uncertainty in b01 ) is small and that stability of the zero
dynamics is essential even in the nonadaptive design.13 According
to Theorem 1, as (xs , n ) converges to zero, in view of the transfor-
mation q = U (x , m ) = U (xs ) [Eq. (18)], the pitch angle and plunge
displacement also asymptotically tend to zero.

The complete closed-loopsystem is shown in Fig. 2. The control
system consists of the control law Eq. (15) and the high-gain ob-
server Eq. (13). Equation (15) is essentially a feedback linearizing
controllawobtainedby the inversionof the b ¡ a map, in whichesti-
mated values ˆg and z2 of the modeling error term g and ( Çỹ = Ça ¡ Çyr ),
respectively, are used for feedback. The observer reconstructs the
modelingerror term g and Çỹ = Ça ¡ Çyr for the synthesisof the control
law. Because the observer has a high-gain feedback loop, stability
proof is based on the singular perturbation theory.

The ²-dependent scaling causes an impulsive-like behavior in n
as ² tends to zero. This is avoided by saturating the control input if

Fig. 2 Closed-loop system.

it exceeds its bounds. Using saturating control input also, one can
follow the steps of Refs. 21–23 to establish stability in the closed-
loop system. It is seen in the next section that for the chosen values
of ² control remains well within its bounds, and, therefore,one does
not need a saturatingcontrol law for stabilization.At this point, it is
useful to discuss how the control system works. For small ² the fast
variable n decays close to zero in a short transient period, but the
slow variable (x , m ) remains near its initial value. After this short
boundary-layerperiod the estimate (z, ˆg ) becomes very close to the
state (x , g ), and the inversecontrolsystemrecoversthe performance
of the state feedback linearizingcontrollerof the model with known
dynamics. This feature of controller is also preserved even if the
control input saturatesbecause the period of saturation is extremely
small when the fast variable decays rapidly.

B. Plunge Motion Control
For plunge motion control one chooses the output y = h and

yr = hr . In this case, followingtheapproachof the precedingsection
one obtains the control law based on the ḧ equation. It is easily seen
that in this case g is caused by the uncertainty in Mi (2) , g2kn a , and
b02 . In the observerand the control law one usesh ¡ hr for feedback.
Because the design can be easily completed following Sec. III.A,
the details are not presented here.

Remark 1: The observer uses high-gain feedback to compen-
sate for the uncertain function f g in the estimation error dynamics
Eq. (14). Therefore, the study of the effect of measurement noise
on the closed-loop system stability is important. But this problem
has not yet received much attention. Interestingly, it will be seen in
the next section by simulation that the closed-loop system is suf-
� ciently robust, and stability is preserved even in the presence of
measurement noise.

Remark 2: For the aeroelasticmodel it is seen that the pitch angle
and the plunge displacement are of relative degree two. However,
it is pointed out that this design approach can be easily extended
to minimum phase systems of arbitrary dimension for which the
output variable is of higher relative degree. For an output with rel-
ative degree r , one constructs an observer similar to Eq. (13) but
of dimension (r + 1). In this case the uncertain function g is given
by g = D Lr

f c(q ) + ui D Lb L r ¡ 1
f c(q ), where u i is the input and the

terms with D are unknown functions in the r th derivative of the
output y = c(q).

IV. Simulation Results
The open-loop system Eq. (1) for U = 15 m/s and a = ¡ 0.4 with

initial condition a (0) = 5.7296 (deg), Ça (0) = 0, h(0) = 0.01 (m),
and Çh(0) = 0 is simulated. Figure 3 shows the oscillatory response
of the system.

Now the results of digital simulation for the aeroelastic model
Eq. (1) with the adaptivecontrol law Eq. (15) including the observer
Eq. (13) are presented.The initial conditionsof Fig. 3 are assumed.
A third-order reference model

s3 + 3 k cs
2 + 3k 2

cs + k 3
c yr = 0 (36)

generates the reference trajectory yr converging to zero for trajec-
tory tracking, where k c = 1.5. For the pitch-angle control yr = a r ,
and the initial conditions are yr (0) = a (0) and ÿr (0) = Çyr (0) = 0,
but for the plunge-displacementcontrol yr = hr , yr (0) = h(0), and
ÿr (0) = Çyr (0) = 0.

Fig. 3 Open-loop response.
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a) Pitch angle ® and ®r c) Control input ¯

b) Plunge displacement h
d) Uncertain function ´ and its
estimate ˆ́

Fig. 4 Pitch-angle control.

For thepitch-anglecontrolonly a is measured,and for theplunge-
motion control only h is available for synthesis.The feedback gains
in control law Eq. (15) are p2 = 2f wn , p1 = w 2

n , f = 0.707, and
wn = 1.5.The gainsfor theobserverare selectedto bed1 = 3, d2 = 3,
and d3 = 1, and its initial conditions are chosen as z1(0) = z2(0) =
0, ˆg (0) = 0. The design parametershave been selectedby observing
the simulated responses.

For simulation it is assumed that the function L2
f c(q ) is com-

pletely unknown, and therefore its nominal value a ¤ is taken to be
zero. Such a worse choice of a ¤ is made only to show robustness
of the designed controller. The nominal value d ¤ is assumed to be
0.8b01 , which givesanuncertaintyof 20% in b01. For thisuncertainty
in b01 and chosen observer parameters di , Eq. (31) is satis� ed, and
A f is Hurwitz.

A. Pitch-Angle Control
A referencetrajectory yr = a r is generatedfor thepitch-anglecon-

trol. Figures 4a–4d show the selected responses of the closed-loop
systemforU = 15m/s, a = ¡ 0.4, and ² = 0.001.The zerodynamics
are stable for this choice of U and a. The pitch angle asymptoti-
cally follows the reference trajectory yr = a r . The response time for
a of the order of 5 s is observed. The � ap de� ection is less than
20 deg. Because the zero dynamics are stable, the plunge motion
also converges to zero. Interestingly, the high-gain observer causes
fast convergenceof ˆg (t ) to the uncertain function g (t ) without any
overshoot.Even though g (0) 6= ˆg (0), g and ˆg responsesoverlapafter
an extremely short boundary-layer interval.

The parameter ² of the observer has a signi� cant effect on the
response characteristicsof the system. It is found by simulation that
the tracking and regulationperformance improves as the value of ²
decreases.The reason for this is that the estimator becomes quicker
in estimatingthe uncertainfunctionas ² decreases.But smaller² can
lead to a large swing in the estimated states and ampli� cation of the
measurement noise in the feedback loop, which can cause frequent
control saturation. Also it is noted that if ² exceeds a critical value
the system becomes unstable.

B. Pitch-Angle Control: Nonzero Measurement Noise
To examine the effect of measurement noise on the performance

of the control system, simulation is done by introducinga measure-
ment noise in the pitch angle. Thus in the estimator Eq. (13), ỹ is
replaced by [a + n a (t ) ¡ a r ], where n a is the measurement noise.
Also in the control law Eq. (15), ỹ is replaced by its estimate z1.
The command trajectory yr , initial conditions, and feedback gains

a) Pitch angle ® and ®r c) Control input ¯

b) Plunge displacement h
d) Uncertain function ´ and its
estimate ˆ́

e) Measurement noise

Fig. 5 Pitch-angle control: nonzero measurement noise.

of case A are retained, but ² is set to 0.017. Simulated responses
are shown in Figs. 5a–5e. The maximum value of the noise ex-
ceeds 0.15 deg. It is seen that in spite of the measurementnoise and
model uncertainty the adaptive controller including the observer
accomplishes trajectory control of a and stabilization of the state
vector close to the origin. The response time of the pitch angle is
of the order of 8 s, which is larger than that of case A because of
the presence of noise. The high-gain feedback makes the observer
suf� ciently robust, but the control input experiences oscillations of
small magnitude because it tries to cancel the effect of noise on
the pitch angle. Of course, if the measurement noise is smoother,
these oscillationsin the control input will reduce. It is found that for
smaller ² the tracking performance improves, but the control input
undergoes faster oscillations. (These results are not shown here in
order to save space.)

C. Plunge-Motion Control
For plunge-motioncontrol the closed-loopsystem forU = 15 m/s

and a = ¡ 0.68 is simulated. For these values of U and a, the zero
dynamics are stable. The feedback gains and initial conditions of
case A are retained. In this case control system uses only signal h
for feedback. Responses for the observer parameter ² = 0.0001 are
shown in Figs. 6a–6d. We observegood trajectoryfollowingof h(t ),
but a , b , g , and ˆg have oscillatory responses.

Unlike a control, here one controls the plunge-displacementtra-
jectory. When the plunge displacementvanishes, the residual (zero)
dynamics are governed by complicatednonlinear differential equa-
tionsbecausethe wing model includes a -dependentnonlinearstruc-
turalnonlinearity.These oscillationsin a are causedby thenonlinear
zero dynamics. However, it is seen that these oscillationsgradually
decay to zero and the state vector attains the equilibrium null state.
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a) Plunge displacement h and hr c) Control input ¯

b) Pitch angle ®
d) Uncertain function ´ and its
estimate ˆ́

Fig. 6 Plunge-motion control.

In this case the maximum value of b is about 21 deg. As in Fig. 4,
ˆg converges almost instantaneouslyto g .

Extensive simulations have been performed for pitch-angle and
plunge-displacementcontrol.These results show that in the closed-
loop system robust trajectory tracking and stabilization are accom-
plished by the designed controllers.

V. Conclusions
In this paper a new control system for the control of an aeroelastic

system based on a modeling error compensationtechniquewas pre-
sented. Adaptive control laws for the trajectory control of the pitch
angle and plunge displacement were derived. For the synthesis of
the controller, only the measured variable (plunge displacement or
pitch angle) was used. The structure of the control system is sim-
ilar to a feedback linearizing controller. The uncertain function in
the control law was compensated using its estimate obtained by a
high-gain observer. In the closed-loop system asymptotic regula-
tion of the state vector to the origin was accomplished. Simulation
results were presented, which show that control of the pitch angle
and the plungedisplacementcan be accomplishedusing only output
feedback in spite of the uncertainties in the system. Moreover, the
observer is suf� ciently robust, and the closed-loop system remains
stable in the presence of measurement noise.

Simulationresultsshowthat thedesignparameter²used in theob-
server plays an important part in shaping the closed-loopresponses.
As the parameter ² decreases, the trajectory tracking and stabiliza-
tion improve,but this can causepeaking(overshoot) phenomenonin
the estimator states and amplify the measurementnoise transmitted
into the feedback loop. This in turn can cause control saturation.Of
course, stability in the closed-loopsystem is lost if ² exceeds a crit-
ical value. For the aeroelastic system the chosen values of ² lead to
accurate trajectory tracking without any peaking phenomenon and
control saturation.

Appendix A: System Parameters

bs = 0.135 m, kh = 2844.4 N/m, ch = 27.43 Ns/m

c a = 0.036 Ns, q = 1.225 kg/m3 , cl a = 6.28

cl b = 3.358, cm a = (0.5 + a)cl a , cm b = ¡ 0.635

m = 12.387 kg, I a = 0.065 kgm2

x a = [0.0873 ¡ (bs + abs )]/ bs

Appendix B: System Variables

d = m I a ¡ mx2
a b2

s , k1 = I a kh / d

k2 = I a q bscl a + mx a b3
s q cm a d , k3 = ¡ mx a bskh / d

k4 = ¡ mx a b2
s q cl a ¡ m q b2

s cm a d

c11 = I a (ch + q Ubscl a ) + mx a q Ub3
s cm a d

c21 = Ia q Ub2
s cl a

1
2

¡ a ¡ mx a bsc a + mx a q Ub4
s cm a

1
2

¡ a d

c31 = ¡ mx a bsch ¡ mx a q U b2
s cl a ¡ m q Ub2

s cm a d

c41 = mc a ¡ mx a q Ub3
s cl a

1
2

¡ a ¡ m q U b3
s cm a

1
2

¡ a d

b01 = U 2 mx a b2
s q cl b + m q b2

s cm b d

b02 = U 2 ¡ I a q bs cl b ¡ mx a b3
s q cm b d , g =

¡ m /d

mxabs / d
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